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Lawrence Berkeley Laboratory,
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Abstract

We have developed a 3-D FEL theory based upon the Maxwell-Vlasov equations in-
cluding the effects of the energy spread and emittance of the electron beam, and of beta-
tron oscillations. The radiation field is expressed in terms of the Green’s function of the
inhomogeneous wave equation and the distribution function of the electron beam. The
distribution function is expanded in terms of a set of orthogonal functions determined by
the unperturbed particle distribution. The coupled Maxwell-Vlasov equations are then
reduced to a matrix equation, from which a dispefsion relation for the eigenvalues is de-
rived. In the limit of small betatron oscillation frequency, the present dispersion relation
reduces to the well-known cubic equation of the one-dimensional theory in the limit of
large beam size, and it gives the correct gain in the limit of small beam size. Comparisons
of our numerical results with other approaches show good agreement. We present a handy
empirical formula for the FEL gain of a 3-D Gaussian beam, as a function of the scaled

parameters, that can be used for a quick estimate of the gain.

I. Introduction

It is widely known that transverse emittance and betatron oscillation can significantly
reduce the gain in a Free Electron Laser(FEL) operating in the high gain regime be-
fore saturation, due to a spread in the longitudinal velocity of electrons. One approach
to study these effects is based on an integro-differential eigenvalue equation involving
the radiation field alone, derived by reducing the coupled Maxwell-Vlasov equations[1].

However, inclusion of the emittance and betatron oscillation effects makes it extremely
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difficult to solve the equation exactly. Krinsky, Yu and Gluckstern[2] have proposed the
variational method to solve the equation approximately. Giving up on seeking an exact
eigenfunction, they replace it by a trial function and concentrate on solutions of eigenval-
ues. The principle behind this method is the fact that the error in the eigenvalue depends
quadratically on errors in the trial function. However, one must prepare a “good” trial
function, and in general, the accuracy of calculation is unknown.

In this paper, we present a new approach based on an orthogonal expansion of the
electron distribution function. Starting with the Maxwell-Vlasov equations and equations
of motion for an electron, we combine them into a single integral equation for the electron
distribution function. The radiation field is expressed explicitly in terms of the Green’s
function of the inhomogeneous wave equation and the electron distribution function. The
distribution function is then expanded around the unperturbed part in terms of a set of
orthogonal functions determined by the shape of the unperturbed part. This expansion
converts the integral equation into a matrix equation, from which a dispersion relation for
the eigenvalues is derived. This dispersion relation has a form similar to that in plasma
physics. The present method has the advantage that the higher-order terms in the ex-
pansion can be determined in a systematic fashion. It turns out that the series expansion
of the perturbed distribution function by an appropriate set of orthogonal functions con-
verges very quickly. As a matter of fact, one can obtain an accurate eigenvalue by taking
only the lowest-order expansion term. Due to space limitations, here we briefly describe
only the outline of the formulation and the results. Details of the formulation will be

presented in a subsequent paper.

II. Vlasov Equation

We consider the electron beam moving in the z-direction with average energy 7,
through a periodic helical wiggler with wave number k, and field strength parameter
K. We choose z, the distance from the wiggler entrance, as the independent variable.
After averaging over the fast wiggling motion, the transverse electron motion can be de-
scribed by the harmonic betatron oscillation in the transverse vector . The transverse
coordinates to be used in the Vlasov equation are xp and its canonical momentum con-
jugate, ps. The longitudinal variables are 7, the relative position of an electron from the
resonant electron (in time units), and the electron energy 7.

The linearized Vlasov equation for the perturbed part of the distribution function,



fi(xs, P, 7,7; 2), is then written as
afi dr afl d’T 3fo =1, (1)
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where fy is the unperturbed electron distribution. In this paper, we assume that the
focusing in the wiggler is matched so that fo is a function of ps® + k3®4* and v only, and

we also assume for simplicity that fo can be factorized as:

fo = for(ps® + kjz5%) - foy(7), (2)

where f, is normalized so that its integral over six dimensional phase space is equal to

the total number of electrons. The equation of motion of 7 is given by

t+3 (P ? + kgep)], (3)

where c is the speed of light, k; = 2k,+?/(1 + K?), and kg is the betatron wave number.
(In the absence of external focusing, ks = Kk, /vv/2). The energy change is produced
by the interaction of the electron’s helical motion and the radiation field. The vector
potential Ag(z,z,t) for the radiation field satisfies the inhomogeneous wave equation,
and its solution can be written using the Green’s function of the wave equation and the
electron charge density corresponding to f;. After a lengthy calculation, we obtain the

expression for the energy change

R0, oo ik 2 —iwT
dz 21r./ {21rz./ [./;00 qu(k.L)qu(kJ.)e'Llwﬁdzkdeq dg}e dw, (4)

where -
P (k’_l_) I( (Jl(klrh)/(kJ_rh)) -I-.] (klrh) (5)
! 2vrc % ,/1 = (k_,_/k)z[q—m(— —VJe -k k)]
where k = w/c, ky = |ky|, r. is the classical electron radius, r), is the radius of the

helical motion, J;(z) and Jj(z) are the Bessel function and its derivative, respectively,

and pyq(ky) is the Laplace-Fourier transform of the charge density, which is related to

fl(mﬂapﬁs 7-’7;3) by

peab) = [ U [7 fi(wa,po 773 2)pgdr)e R o diaglevdz)eiemr.

(6)
Equation(5) is an exact equation. The denominator may be well approximated by [g +
tky(k — k1)/k1 + 1k6? /2] where 6 = tan~!(k./k).



If we substitute Eqgs.(3) and (4) into Eq.(1) and take its Fourier-Laplace transform,

the linearized Vlasov equation becomes

6 wi a w df i .
(0= G o+ Pt — B gt = —for P [ Poln)palln)e e @0k, (1)

where f,, is the Fourier-Laplace transform of fi(zg,pg,7,7; 2)

fug(®p,P8,7) = /_:{./om f1(==g,pp,T,'y;z)e'q‘dz}ei”’dr. (8)

We have ignored the Fourier transform of the initial distribution at z = 0 in Eq.(7) for
simplicity. (If we retain this term, the problem becomes an initial value problem.)
Since the betatron motion of the electron is a simple harmonic oscillation, it is natural

to introduce polar-coordinates in the transverse planes as

Tg = r;COSdz, Yp = rycosd,, 9)

%’ = r singd,, Pk—'f = r, sin ¢, (10)

Then, the second and third terms in the LHS of the Vlasov equation, Eq.(7), are written
as

Prgt — et = —ka(Get + 22, (1)

Now, due to the periodic boundary condition for f,, in the azimuthal angles ¢, and ¢,,

fuq can be Fourier decomposed with respect to ¢, and ¢, into an infinite series of modes:
qu(;cp,pﬁ,.-r) — Z F('m n) rr, Tys 7)6im¢=6in¢", (12)
where m and n are integers. Combining Eqs.(6), (7), and (12), we obtain an integral

equation for Fu(,’;"")

d d
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where the symmetric kernel K{™™™"™) is given by
KGrmm')  (rgyry el 1) = b= (mD )2
X Puak) B ey - U (ke (ks (14)

and r =, /rZ + r2 is the amplitude of the electron position in four dimensional transverse

phase space.



II1. General Solution

By inspecting this equation, it can be seen that the v dependence of F} (""") is such
that F (’" ") -df—"‘l /(g — iw9E — ikg(m + n)). It is then useful to define a radxal function
R{m™) as the 1ntegral of F,_S;" ™) to eliminate the obvious 4 dependence

RE™(rgymy) = jo FLr ™ (1,10, 7)d7. (15)

The integral equation(13) can be solved in a general way as follows[3]. We expand the
radial function R(™™ using orthogonal functions FUmbinD (. r Y as
RE™(reymy) = Wir) Yo a1 o il (16
k=0

Here, the weight function W, (r) is defined by

Wi(r) = Cfou(r), (17)
where C' is a normalization constant to be chosen. The functions félml'l"l)(rz,ry) are
determined so as to satisfy the following orthogonality relationship

[ wam im0, r) D b 20 iy = 8. (18)
Using f,glml’lnl)(r,:, ry), we expand the Bessel functions as
Jimi(kz72)Jjn) (kyry) = ?,YB Cimpnia(kos By) « Fi W gy 1) - rlPlnlel, (19)
where
Clml itk (kzy ky) = f;ﬂ f:’ Jlml(kzrz)JInI(kyry)WJ.(T)figlml"nn(rm"y)rl:mlHanHldrzdry'
(20)

The lowest-order term Cimn|,0(kz, ky) has a simpler expression, since the correspond-
ing lowest-order orthogonal function félml'lnn(rz,ry) is just a constant. In this case, the

integration over the angle 8, = tan=r, /r, can be carried out in Eq.(20), with the result,

Cimiinio(ker k) = FI™HD costl 0, sini g, [~ JmtetebttCar) gy oy imietnbeage, (o)
0 L

where 0 = tan™! k, /k,.
Inserting Eqs.(16) and (19) into Eq.(13), multiplying by fI™""0(r,, r y)rimien+ and

integrating over r, and r,, we have a matrix equation for the coefficients a{™":

o™+ Y B ME ™) =0, (22)

m’l“’l"j



where

/ f / L) S 1 ) S b gy & (5

dr
q-— zwa — tkg(m + n) dy

and the matrix elements are given by

iR Sl Inl= (Im’ I+ n 2k 2 poo oo
Mm",:z'".j el DL_C‘G—)"_/O .[0 qu(kl)clml-lnl.l(kmkv)clm'I,IN'l.i(kmky)dkzdkw
(24)

The matrix equation can be symbolically written as
I+B8-M)a=0, (25)

where a is the vector of the coefficient aﬁm'"), I is the unit matrix, and the matrix elements
of B and M are given by Eqs.(23) and (24), respectively. The nontrivial solution of Eq.(25)

requires that

det(I+ - M) =0. (26)

This dispersion relation gives eigenvalues ¢ as a function of w or vice versa.

IV. The Lowest-Order Term

It is straightforward to seek zeros of the dispersion relation by computer and the
computation requires little cpu time. Numerical studies show a quite rapid convergence
of solutions as a function of the matrix size. As a matter of fact, we have found that one
can obtain an accurate eigenvalue for the fundamental mode by taking only the lowest-
order term m = n = k = 0 in both the azimuthal and the radial expansions (see Eqs.(12)
and (16)). In this case, an approximate expression for the dispersion relation can be

written in a general form as

1 = ziE K 2k / f Joy()dy 22 kj fou (r)r’dr
klc '}'r (+2—k7 7r__kk2 2)
: k2040 o L] (kr ),
X ./o  k—F .k()"’(jo 20k fou () =g e (27)
q+ ik, 2 +3—2-
1

where fo,(r) is normalized such that [5°27%kj for (r)r®dr = 1.
Let us investigate the general dispersion relation(27). The integrals over 4 and r

characterize the Landau damping due to the energy spread and the betatron oscillation



via the longitudinal velocity variation. The function in the 6-integral ((J,(kr'6)/(kr'0))?
is the well-known diffraction angular distribution of a wave when injected into a screen
with a circular hole of radius r’. The integral over @ represents the amount of overlap
between the angular distribution of radiation from a single electron and the diffraction
angular distribution of the radiation determined by the electron transverse distribution.

In what follows, we write down the above equation in a more specific way for various

models of fy, (r). Longitudinally, we assume a Gaussian distribution with the rms energy

spread, o.,.
' 1 r
Hollow Beam : fo,(r) = W&(l - (E)z)
t? J1(kRof).,
=~ . kR,)*0d0
YL k (2pkw)3/ e 2dt /;( kR0 )*(kRo) i (28)
kl \/2_11' 0 (q+2i£kw0’1t—ilkk§}?§)2 0 q+zk k— kl +lﬂ
ky 2 Tk 2
Waterbag Beam : fy,(r) = R Rok 7 ————0(1 - (é)z)
t 4J3(kRo9) 2 - 12
L 2pk.,,)3 / f o Ddod [ A TkRrppy? ) Fha) 040
Z
ki kwa., P IREY RPN . P L
ky 2 Tk 2
(29)
_E(L)E
Gaussian Beam : fu(r)=me 2 e,
zp
_z? &
' Zpkw)3f / c T 2% 2dudt -/‘% e"(kazo)z(ka )20d6
. 0 . k—k k6%
1 +21k kwd.rt—ZEkkgO’gxz)z q+zk kl ——t +12 T
(30)

In the above equation, p is the Pierce parameter[4] defined by (2pk,,)® = 27r.(K /7, )*nokw/7r,
ng is the charge density, o, is the rms transverse beam size, O(z) is the step function
O(z) = 1forz > 0 and O(z) = 0 for z < 0, and we have approximated [(J1(krx8)/(krp0))*+
J12(krn0)] by 1/2, assuming that r4 is much smaller than the beam size.

In the limit of large beam size, Ry — oo, when o, = 0 and kg = 0, the dispersion
relation(28) for the hollow beam will reduce to the well-known cubic equation of the one-

dimensional theory. This can be shown briefly as follows. In this limit, Eq.(28) can be



approximated by

3 oo
1 = 9% 2pko) . / RGN (31)
kh ¢ ., k=ki Jo z
g+ tky——
ky
It follows using [5°(J1(z)/z)*xdz = 1/2 that
k—k k
¢*(q + iks——) — i=(2pku)* = 0. (32)
ky ki

Introducing ¢ = iq/k,,, Eq.(32) is the cubic equation of the high gain regime.
In the limit of small beam size, Ry — 0, when o, = 0 and ks = 0, the dispersion
relation(28) also gives the correct asymptotic gain derived by Moore[5). In this limit, the

dispersion relation(28) when k = k; can be approximated by

a

g;— fo°o _z@&g( (m))zd =0, (33)

where § = q/((2pk.)%(2k1R2)%) and & = (2pk,,)%(2k;R2)% are Moore’s scaled gain and
beam size, respectively. By performing the partial integral in Eq.(33) and neglecting the

log g term, we obtain Moore’s expression

~2
g 1. 2 .

— o~ —log— ~ [ =log —. 34

o Zlogs or g2 log (34)
As anticipated from the above argument, numerical studies show that the gain § obtained
by the present dispersion relation(28) is in excellent agreement with that of Moore in the

entire range of beam size.

V. Numerical Results

As Krinsky, Yu and Gluckstern[2] have pointed out, the growth rate of the fundamental
guided mode can be expressed in a scaled form using only four dimensionless scaling
parameters. For the constant beam current case of practical interest, one form of such a

scaling relation is
Re(q) oy kg k—k
koD = F@kes, koD’ kD %D (35)

where €, is the rms transverse emittance of the electron beam, and D is the scaling

2620 1{2 Io
N \/wmc2 1+ K%+’ (36)

with I, the electron beam current, Z, the impedance of free space, e the elementary

parameter defined by

charge, and m the electron rest mass. Note that D is independent of the model for

8



for(r). For the waterbag model, our value of D is smaller than that defined by Krinsky,
Yu and Gluckstern[2] by a factor of /2.

The solid curves in Fig. 1 show the scaled growth rate Re(q)/(k,D) as a function of
2k, for several values of kg/(k, D) for the waterbag model. The energy spread o.,/D is
set to 0, and the detuning is chosen to yield the maximum growth rate. This figure covers
most of the practical range of FEL parameters. The dotted curves show the numerical
results from Krinsky, Yu and Gluckstern’s variational method for the same waterbag
model. Good agreement is found. In Fig. 2, we plot Re(q)/(k, D) against 2k,e, for several
values of kg/(kyD) for the Gaussian model. We choose again o.,/D = 0. Comparing Fig.
1 with Fig. 2, we notice that the Gaussian model shows a considerably larger reduction
of Re(q)/(kwD) due to Landau damping for large kg/(k.,D) when 2k,e; > 1. This is also
the case with the parabolic distribution of fo,(r), which gives similar curves to those of
the Gaussian model. We also notice that all figures show more or less identical values of
Re(q)/(kyD) for 2kie, < 1. This implies that the emittance or the rms value is a good
measure for the beam size when comparing results from different models in the present
range of the emittance.

Finally, for a quick estimate of the FEL gain, we present a handy empirical formula of
Re(q)/(kwD) including the energy spread which agrees well with the gains obtained from

the dispersion relation(30) for the Gaussian model:

log R:(;) = — (0.75+0.23Z 4 0.016=2 )

ks 2 kg

+ (41.34 + 3.69% + 3.622) - ((%)2 + 2.18(%)4 + 70.9(%)6)] e

where i
log(2kie.——). (38)
kg

p—
—
—
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Fig. 1  Scaled growth rate Re(q)/(k.D) as a function of 2ke, for several values of
kg/(ky,D) for the waterbag model.
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Fig. 2  Scaled growth rate Re(q)/(k,D) as a function of 2k;¢, for several values of
kg/(k,D) for the Gaussian model.
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